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Catastrophic failure of thermal barrier coatings (TBCs), usually occurs due to large scale buckling and spallation,
primarily originating at the bond coat and TGO interface. Spallation in TBCs is preceded by a competition between
buckling and interface delamination that is stimulated by the waviness of the interface. In the presence of thermal load-
ing, the waviness is responsible for growth of interfacial delamination. In this paper, a ﬁnite element model of the two
and three layer TBCs is developed in the commercial code ANSYS to investigate the buckle and interface delamination
mechanisms and develop a simpliﬁed parametric understanding of these mechanisms. The models for simulation are
validated with analytical and experimental results. Parametric relations, in terms of geometric and material parameters
representing constituents of the TBC, are developed in this paper for critical stresses and energies causing buckling and
debonding initiated instabilities. Through these relations, critical parameters that control failure mechanics are identi-
ﬁed for a fail-safe design space.
 2005 Elsevier Ltd. All rights reserved.
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Electron beam physical vapor deposition (EB-PVD) based thermal barrier coatings (TBCs) are used in
gas turbine engines to protect components from high temperature gases and severe transient thermal load-
ing. As shown in the SEM micrograph of Fig. 1, a conventional TBC consists of three layers deposited on a
super alloy substrate. The ﬁrst layer is a 50–100 lm thick bond coat that provides oxidation protection,0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.07.037
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Fig. 1. A SEM image of the TBC microstructure consisting of the top coat, the thermally grown oxide layer, the bond coat and the
super-alloy substrate.
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to be strain tolerant to avoid delamination; this is achieved by incorporating micro-cracks or aligned poros-
ity in the material as suggested by Wright and Evans (1999). Typically, due to its low, temperature-insen-
sitive thermal conductivity (Wright and Evans, 1999), yittria stabilized Zirconia is the material of choice for
the top coat. The porous nature of the top coat makes it transparent to oxygen, and thus a third layer is
formed as the bond coat is oxidized. This thermally grown oxide (TGO) layer retards further oxidation and
improves adhesion (Wright and Evans, 1999). The TGO thickness evolves through the life of the TBC and
typically reaches 6–7 lm before failure (Tolpygo et al., 2001). As shown in Fig. 1, the SEM images of the
TBC microstructure reveal the interface between the TGO and bond coat may be planar or wavy.
Individual layers in TBCs are signiﬁcantly stronger than the inter-layer interfaces. Furthermore the inter-
face toughness also tends to degrade with exposure time. Consequently, over their service life, TBCs are
susceptible to delamination. Experimental observations by Wang and Evans (1998) have conﬁrmed that
the delamination leads to buckling instability and failure in TBCs. On account of their importance in
the overall durability of the engine components, modeling buckling and delamination phenomena are of
considerable interest to the engineering community. Stresses developed due to the coeﬃcient of thermal
expansion (CTE) mismatch between the diﬀerent layers during thermal loading, as well as growth stresses
in the TGO are the primary driving forces behind the initiation and propagation of damage. Evans et al.
(2001b) have reported that the residual compressive stresses in the TGO can reach up to 6 GPa.
A number of geometrical and mechanical factors are known to contribute to the instability and failure in
TBCs. Notable among these are important geometric and morphological features of interfaces and constit-
uent layers, and their thermo-mechanical properties. On a ﬂat interface, the spallation failure is primarily
driven by local buckling instability at the delamination site. A signiﬁcant body of work exists in the literature
on this failure mechanism with the details of buckle initiation, propagation, and coalescence (Evans et al.,
1997; He et al., 1998; Hutchinson et al., 2000; Hutchinson and Suo, 1992; Choi et al., 1999). A number of
these investigations in the literature consider a two layer TBC system, where the substrate is coated with
a bond coat layer and no ceramic top coat is deposited. A widely used analytical solution for critical buckling
load for a circular blister has been developed by Hutchinson and Suo (1992), and this solution has been em-
ployed to predict buckle initiation in TBCs by Evans et al. (1997) and He et al. (1998). The analytical model
by Hutchinson and Suo (1992) is based on classical plate theory with rotationally constrained edges. While
this model is accurate for very large interfacial delamination, the predictions incur error for the insipient
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waviness dramatically aﬀects failure mechanisms in TBCs. This has been highlighted Evans et al. (1997),
where a sinusoidal undulation was used to understand the origin of interfacial cracks and by He et al.
(1998), where crack growth along the interface has been associated with periodic and a-periodic morpholo-
gies. The onset of failure in TBCs may consequently be viewed as a competition between strain energy driven
interfacial crack growth mechanism and buckling induced instability and delamination.
This paper is aimed at the development of parametric formalism through the numerical study of insta-
bility and failure mechanisms in TBC systems by using the ﬁnite element method. A few simplifying
assumptions have been made in the derivation of the closed-form parametric relations. One of them is that
the TBC model consists of no defects in the form of other heterogeneities, such as voids or particles. The
existence and creation of these defects, together with their inﬂuence on TBC failure have been discussed in
details in a paper by Yanar et al. (2003). However, the present paper has made an assumption of excluding
these for the sake of developing closed-form parametric relations to be used in design assessments. Inter-
faces between diﬀerent layers of the TBC systems are assumed to consist of planar (with delaminations) and
wavy (undergoing imminent delamination) segments. A schematic of the competing damage modes due to
pre-existing delamination at the TGO-bond coat interface is shown in Fig. 2. The parametric relations are
constructed to evaluate critical factors aﬀecting buckling initiation and interface crack extension, as well as
to understand the competition between them. These relations are expected to be applicable to TBC systems
with geometric and material parameters within the speciﬁed range. The computational model assumes the
substrate to be rigid, and excludes its explicit consideration in the deformation and stress analyses. The
bond coat and TGO are analyzed using elastic properties, and the model features a pre-existing delamina-
tion at the interface of bond coat and TGO. In the sensitivity analysis of candidate parameters, each failure
mechanism is studied in isolation from other mechanisms. In the analysis, a linear elastic eigen-value
problem is solved as explained in Ansys 7.0 (2003) to determine the initiation of buckling instability.
For estimating the crack propagation at the interface, the energy release rate is determined by the virtual
crack extension method based on the stiﬀness derivative ﬁnite element technique proposed by Parks (1974).
The paper starts with a focus on buckling delamination, where the contribution of material and geomet-
ric parameters to buckling initiation in two layer TBCs is estimated. A parametric relationship for the crit-
ical buckling load in terms of the parameters is developed and compared with existing analytical solutions
in the literature for a two layer TBC model. Also the amount of pre-existing delamination that is necessaryFig. 2. Schematic diagrams showing the competing failure mechanisms in TBC systems with ﬂat and wavy interfaces.
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ilar process is also executed for three layer TBCs and compared with the results for the two layer TBC to
examine the eﬀect of the top coat. Next, a similar approach is pursued to study strain energy driven delam-
ination at wavy interfaces. A sensitivity analysis is conducted to identify important material and geometric
parameters aﬀecting the energy release rate for crack propagation at the interface of single layer and multi
layer TBCs. As a ﬁnal step, the critical values of parameters obtained for competing buckling instability
and interface delamination mechanisms are compared, to identify dominant mechanism ranges and to pre-
scribe a fail-safe design space.2. Mechanisms of tbc failure and solution methods
In the context of linear elastic behavior, dominant failure mechanisms in thermal barriers coatings have
been identiﬁed as the buckling instability and delamination by crack extension along the interface between
the bond coat and TGO by Evans et al. (1997), He et al. (1998), Wright and Evans (1999) and Evans et al.
(2001a,b). During operation under thermal loads, the TBC can experience critical loads leading to buckling
instability and unbounded out-of-plane deﬂections of the delaminated portion, as shown in the schematic
of Fig. 2. The buckling instability is eventually arrested at the edge of delamination by the bonded interface.
On the other hand, high stress concentrations at the delamination edges can propagate a crack at the inter-
face to increase the extent of delamination. The probability of a particular mode, taking precedence over
the other in a TBC under operating conditions, will depend on various geometric and material parameters
aﬀecting each mechanism as well as the applied loading. Hence it is of interest to study the dependence of
the variables driving these mechanisms on the TBC parameters. A brief introduction to the methods of
solution implemented to study these mechanisms is presented next.2.1. Buckling instability at ﬂat and wavy interfaces
Irrespective of the interface morphology, the delaminated portion of the TBC is susceptible to buckling
instability. In addition to the geometric features and material properties, the nature of the delamination and
the critical buckling stresses depend on the contact conditions at the interfaces. A linearized model of elastic
stability, using modal analysis in the commercial FEM code ANSYS (Ansys 7.0, 2003), is incorporated to
determine the critical buckling stresses in the TBC system. In this model, the eﬀect of in-plane compressive
stresses on the out-of-plane deﬂection is accounted for by a stress stiﬀness matrix [S] that augments the con-
ventional stiﬀness matrix [K]. As shown in Ansys 7.0 (2003), the [S] matrix is independent of material prop-
erties. The stress stiﬀening matrix [S] is computed from the intensity of the compressive load, referred to as
a perturbation stress {R}, with a linear dependence arising from problem linearity. Assuming that the com-
pressive stress does not change during an inﬁnitesimal change in the buckling displacement {DD}, the crit-
ical load for instability in two contiguous conﬁgurations may be equated as (Cook et al., 1989):kcrfRg ¼ ð½K  þ kcr½SÞfDg ¼ ð½K  þ kcr½SÞfDþ dDg ð1Þ
where {D} is the buckling displacement vector in the reference conﬁguration and kcr is a scalar multiplier.
This is simpliﬁed to give the incremental buckling equation asð½K  þ kcr½SÞfdDg ¼ f0g ð2Þ
Eq. (2) corresponds to a modal analysis problem with {dD} as the eigenvector and an associated eigen-
value kcr deﬁning the buckling mode. The block Lanczos eigen-value extraction method is used in ANSYS
(Ansys 7.0, 2003) to determine the lowest eigen-value. Subsequently kcr is used to scale the far ﬁeld
compressive stress in the TGO to determine the critical buckling stress.
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In the model, the applied load is in a direction parallel to the constituent material layers and their asso-
ciated interfaces. For this load condition, a crack tip at the delaminated ﬂat interface does not induce a
stress concentration to cause crack extension. Consequently, crack growth at the interface between the
bond coat and TGO interface is studied exclusively for wavy interfaces. In this study, this mechanism is
assumed to be governed by Griﬃths energy release rate criterion. According to this criterion, crack growth
will occur if the energy required for creating new crack surface area is achieved in the system. The virtual
crack extension method, based on the stiﬀness derivative ﬁnite element technique proposed by Parks (1974),
is used to evaluate the energy release rate. This is determined as the negative of the derivative of the total
system potential energy with respect to crack extension. In the ﬁnite element model, the potential functional
is represented in terms of the global stiﬀness matrix, the displacement ﬁeld and the external loads. The en-
ergy release rate G is thus expressed by the stiﬀness derivative technique by Parks (1974) asG ¼  oU
oa
¼  1
2
Df gT o K½ 
oa
fDg ð3Þwhere {D} is the displacement ﬁeld, [K] is the stiﬀness matrix, and a is the crack length. G is evaluated
numerically from the change in system potential energy per unit crack extension due to a virtual extension
of the crack using the relation:G ¼  1
2
ðU 1  U 2Þ
Da
ð4Þwhere U1 and U2 are the respective total potential energies before and after the crack extension by length
Da. A FEM analysis is ﬁrst conducted with a prescribed length of delamination, and the potential energy U1
of the system associated with the applied load is calculated. In the second analysis to evaluate U2, the ﬁnite
element analysis is conducted with the crack extended by an inﬁnitesimal length over the initial
delamination.
To eliminate the contribution of structural compliance variation due to crack extension, the strain ﬁeld
computed from the ﬁrst pre-crack extension model is applied to the second analysis. The virtual crack
extension is achieved by moving the FE nodes in the vicinity of the crack tip in the direction of probable
crack propagation. The results are sensitive to the region considered as crack tip vicinity and magnitude of
crack extension. A very large crack extension may result in distorted elements, whereas, a very small exten-
sion may not result in a correct energy release rate. The models used in this study are checked for conver-
gence of the energy release rate with respect to both of these parameters. It is found that variation in energy
release rate calculated from the numerical model is within 2% when the nodes associated with at least three
layers of nearest and contiguous elements are moved by 1% of the edge length of the elements in close vicin-
ity. The converged values of these parameters are utilized in all subsequent analyses.3. Finite element models of the TBC
Various aspects of the ﬁnite element model of the TBC with diﬀerent damage mechanisms are summa-
rized in the following subsections.
3.1. Material properties
The EB-PVD TBC system conventionally consists of multiple layers of diﬀerent materials with distinct
interfaces. The substrate is usually a nickel based superalloy with high strength and stiﬀness, even at
Table 1
Material properties of components of the TBC system as obtained from Evans et al. (2001a,b) and Cheng et al. (1998)
Property Substrate Bond coat TGO TBC
Poissons Ratio 0.31–0.35 0.30–0.33 0.23–0.25 0.10–0.12
Elastic modulus (GPa) 120–220 110–200 320–400 0–100
Thermal expansion coeﬃcient (106/C) 14.8–18.0 13.6–17.6 8.0–9.6 9.0–12.2
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with a CTE similar to that of the substrate material. Mechanical properties of the bond coat material may
vary with thermal cycling as reported by Pan et al. (2003). The top coat material of choice is yittria stabi-
lized zirconia with a strain tolerant columnar structure. Johnson et al. (1998) have reported that material
properties of the top coat vary with deposition process parameters, as well as with the inter-columnar spac-
ing. The mechanical properties of all the layer materials are obtained from those reported by Evans et al.
(2001a,b) and Cheng et al. (1998) and are listed in Table 1. All the materials are assumed to have linear
elastic isotropic behavior.
Since the interface is the most likely location for damage, interface toughness in TBCs is of key impor-
tance. The interface between the bond coat and the TGO experiences severe stresses due to thermal expan-
sion mismatch and is crucial to TBC durability. The interfacial toughness degrades over time due to
segregation (particularly of sulfur) and thermal cyclic loading (He et al., 1998) and cannot be characterized
uniquely. Therefore a range for interfacial toughness is assumed in this paper, based on two estimates of the
interface fracture energy reported by He et al. (1998). The range of room temperature fracture energy varies
from 10 Jm2 for a diﬀusion interface to 1 Jm2 for a degraded interface.
3.2. Geometric model and FEM mesh
A schematic diagram of the ﬁnite element model of the TBC system is shown in Fig. 3. Only straight
sided and penny-shaped conﬁgurations are considered in this work and hence 2D plane strain and axi-sym-
metric representations of the TBC system are deemed suﬃcient. The TBC morphology and delamination
are assumed to be symmetric about the vertical plane and only the half geometry is modeled. As shown
in Fig. 3a, the delamination is characterized by a length parameter, which corresponds to a radius in theFig. 3. Schematic diagrams showing (a) geometric and dimensional parameters, (b) ﬁnite element model of the TBC system with bond
coat lower interface rigid, symmetry at vertical edge of delamination (right) and radial periodicity at the vertical edge of the bonded
part (left), (c) close-up of the mesh at the crack tip.
Fig. 4. Contour plots showing transverse stress (GPa) at fully bonded wavy interfaces for (a) Type I undulation penetrating completely
into the bond coat, (b) Type II undulation protruding completely into the top coat.
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stress free, hence the substrate is not explicitly considered in this model. From Fig. 1 it can be observed that
undulations in the vicinity of planar interfaces between the TGO and bond coat are commonly observed
due to the surface roughness of the deposited bond coat. As demonstrated in Fig. 4, these undulations
may penetrate into the bond coat (type I) or protrude completely into the top coat (type II). Other inter-
mediate scenarios with undulations protruding into adjoining layers in various proportions are also possi-
ble. In this study, only sinusoidal undulations that correspond to the limiting conﬁgurations of Fig. 4 are
considered.
The ﬁnite element model of a 100 · 80 lm TBC system consist of a mesh of four-noded (QUAD4) ele-
ments, identiﬁed as PLANE182 in the ANSYS element library (Ansys 7.0, 2003). These elements are capa-
ble of representing both plane strain and axi-symmetric behavior. The resulting model consist of more than
115,000 elements and 110,000 nodes, and exhibits less than 0.5% error in the strain energy when compared
to a more reﬁned mesh. As shown in Fig. 3c, a highly reﬁned mesh is used in the vicinity of the crack-tip.
3.3. Boundary conditions
The TBC system model is subjected to a uniform thermal load through a drop in the temperature from
1000 C to room temperature of 30 C. The thermal loads caused by this cooling cycle generate compressive
stresses in the TGO and top coat on account of CTE mismatch. For all buckling analyses a uniform ther-
mal load creates the perturbation load in the system. Although temperature gradients are expected along
the TBC thickness during service, the uniform thermal load assumption is considered adequate, since the
critical buckling load is relatively insensitive to the perturbation load. For buckling analysis with planar
or wavy interfaces, symmetry boundary conditions are applied at the left edge, roller supports are applied
at the lower horizontal boundary to simulate a rigid substrate, and radial periodic boundary conditions are
applied at the right edge of the models. The top surface of the TBC is exposed to the hot gases and is con-
sidered to be free of any mechanical constraints. The delaminated region is treated as a contact surface for
the wavy interfaces only, and 2D surface contact elements are used in this region.
H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406 4391In the analysis of delamination growth by crack propagation at the wavy interface, symmetry
boundary conditions are applied at the left edge, roller supports are applied at the lower horizontal
boundary, and radial periodic boundary conditions are applied at the right edge of the models. The
delaminated wavy interfaces have contact surfaces and surface contact elements are used in the calcula-
tion of energy release rate. Once again, temperature gradients are not considered in these simulations.
The growth of delamination occurs primarily during the cooling cycle when the stresses due to CTE mis-
match are the highest. The FEM simulations for the energy release rate are performed at room
temperature.4. Parametric modeling of buckling instability and interfacial crack extension
Simulations conducted with the computational models discussed in Section 2 are used to derive func-
tional forms of the critical drivers of instability and crack extension induced damage in terms of important
geometrical and material parameters in the TBC model. Sensitivity analyses of these drivers are conducted
with respect to the parameters and the results are utilized in the determination of the functional depen-
dence. Prior to the sensitivity analyses, model validation is conducted by comparing results of the simula-
tions with analytical results in the literature.
4.1. Validation study of the computational model
The analytical solution of buckling instability in a two layer TBCs (bond coat and TGO) is provided by
Hutchinson and Suo (1992). This work uses classical plate theory (CPT) with clamped edge constraints to
obtain an analytical solution for the critical buckling stress:rb ¼ p
2E
12ð1 m2Þ
 
h
R
 2
ð5Þwhere rb is the critical buckling stress, E and m are the elastic modulus and Poissons ratio of the TGO, h is
the TGO thickness, and R is the dimension of the existing delamination. Solutions of the ﬁnite element
model are compared with those from Eq. (5). Although there is excellent agreement for hR 6 0:06, the results
show divergence beyond this limit as shown in Fig. 5a. The discrepancy arises mainly from the limitations
of the classical linear thin plate theory, implemented in the analytical solution. First, the assumption of a
thin TGO in the delaminated region for smaller values of R may not be appropriate for higher (h/R) ratios.
Higher order plate theories for thick plates, such as the one proposed by Reddy (1999), are deemed more
appropriate for improved solutions. Secondly, the clamped plate theory with rigid rotational constraints at
the edges is not a good approximation at higher values of (h/R). Since the TGO ligaments remain attached
to the bond coat and have a ﬁnite stiﬀness in rotation, the debonded region does not behave as a clamped
plate. The contribution and detachment of such ligaments under transverse loading have been discussed by
Evans et al. (1999). On the other hand, the computational model captures the physics of the real problem,
including the attached ligaments and rotational stiﬀness of the edges.
A special procedure is invoked to implement a higher order theory with elastically restrained edges in a
more accurate representation of the analytical solution. It is observed that the computationally predicted
buckling loads are within the extreme bounds of the Reddy plate theory calculations by Wang and Lee
(1998) with zero and inﬁnite rotational stiﬀness as summarized in Table 2. The rotational stiﬀness for
the TBC system is calibrated through a comparison of the results of FEM simulations with the available
analytical solutions by Wang and Lee (1998). The relation between Kirchhoﬀ load and Reddy buckling
load is given by Wang and Lee (1998) as:
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Fig. 5. Plots showing (a) the comparison between the ﬁnite element results and a low order analytical solution where normalizing stress
SmaxFEM ¼ 110 GPa, (b) comparison of ﬁnite element results and a higher order analytical solution where normalizing stress
Smax = 46 GPa.
Table 2
Critical buckling load comparison with results by Wang and Lee (1998)
h/R FEM Free edges (Wang and Lee, 1998) Clamped edges (Wang and Lee, 1998)
0.2 10.16 5.64 17.7
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  ð6Þwhere G is the shear modulus and NR and NK represent the Reddy and Kirchoﬀ buckling loads, respec-
tively. Assuming the load NR to be equal to the buckling load predicted by FEM solutions, NK is solved
from Eq. (6). The rotational stiﬀness parameter KrRD is then evaluated from the uniﬁed Kirchoﬀ equation
(Wang and Lee, 1998)ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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A ¼ 0 ð7Þwhere, D ¼ Eh3
12ð1m2Þ is the ﬂexural rigidity, R is the radius of the plate, and J0 and J1 are the Bessel functions
of ﬁrst kind of order zero and one, respectively. The value of rotational stiﬀness parameter is then used in
Eq. (7) to obtain NK for diﬀerent values of R. Subsequently, the value of the buckling load may be eva-
luated from Eq. (6) for diﬀerent values of (h/R) in the range ð0 6 hR 6 1Þ. Fig. 5b shows that the results
obtained by this analytical model with higher order theory and ﬁnite rotational stiﬀness are in close agree-
ment with the numerical results for values of hR 6 0:2. However, signiﬁcant errors are still incurred at higher
values of (h/R). This may be attributed to the use of a single data point used in the calibration of the
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(h/R). While limited studies have investigated plate buckling with diﬀerent rotational stiﬀness (Lundquist
and Stowell, 1942; Reismann, 1952; Wang and Lee, 1998), an established relationship between the rota-
tional stiﬀness and the thickness, size, and modulus is lacking in the literature. Hence, the development
of functional relations for buckling load for a larger range of (h/R) is pursued in this study. Such a func-
tional form is needed, as large ratios are expected at the incipient stages of delamination formation and it is
not known a priori whether the buckling instability initiates at such small delamination lengths.
4.2. Critical stress analysis for buckling instability in the TBC
The critical buckling load or stress is dependent on a number of geometric and material parameters of
the TBC system, as well as on the applied loads. Deriving functional forms of the critical buckling loads in
terms of the critical parameters is a desirable, yet non-trivial exercise. Simpliﬁed forms of such relations
have been provided by Evans et al. (1997), He et al. (1998) and Hutchinson and Suo (1992). In this study,
these relations are extended for more comprehensive accounting of the range of critical parameters. The
relations are ﬁrst developed for the two layered TBCs (bond coat and TGO) and subsequently extended
to three-layered TBCs (bond coat, TGO, and ceramic top coat).
4.2.1. Two layer TBC system model
The ﬁrst analysis is for a two-layered TBC with a planar interface. In order to identify the critical param-
eters entering the function, a sensitivity study of buckling load with respect to geometric and material
parameters of the two layers is conducted for both plane strain and axi-symmetric conditions. Candidate
parameters for this study are selected based on buckling characterization studies in the literature (e.g.,
Wright and Evans, 1999; Evans et al., 2001b; He et al., 1998; Hutchinson et al., 2000). The parameters con-
sidered in the sensitivity analysis are (i) L, length of the TBC model length, (ii) h, thickness of the TGO, (iii)
b, thickness of the bond coat, (iv) ETGO, stiﬀness of the TGO, (v) EBC, stiﬀness of the bond coat, and (vi) R,
length of the pre-existing delamination. Deﬁnitions of the geometric parameters are pictorially given in
Fig. 3a.
In the FEM simulations of the TBC system for sensitivity analyses, a single parameter is varied at a time
while keeping all others ﬁxed. The results of the sensitivity analyses are summarized in Figs. 6a and b, where
the normalized critical buckling stress is plotted as a function of the normalized geometric and material
parameters, respectively. The critical buckling stressed for each case are normalized with respect to the cor-
responding maximum critical buckling stresses, i.e., Smax = 30.24 GPa for the geometric parameters study
and Smax = 0.52 GPa for the material parameters study, respectively. Each parameter is normalized with its
maximum value considered in this work, i.e., Lmax = 1000 lm, bmax = 100 lm, hmax = 50 lm, and Rmax =
1000 lm for geometric parameters and EmaxTGO ¼ 600 GPa and EmaxTC ¼ 300 GPa for material parameters.
Fig. 6a shows very little inﬂuence of the overall model length L or the bond coat thickness b on the critical
stress. The critical buckling stress decreases rapidly with increasing delamination length R before stabilizing
at near zero critical buckling stress values. The critical stress variation is found to ﬁt an inverse quadratic
relation with the delamination length. When the two layers are completely delaminated (R = L = 1000 lm),
the critical stress is equal to the buckling stress in a single layer. Finally, the critical stress increases non-
linearly with the TGO thickness h. The dependence is quadratic for lower TGO thicknesses, but for thicker
TGOs the relation is more complex.
Fig. 6b summarizes the results of the sensitivity analyses with respect to the elastic moduli of the con-
stituent materials of the TBC system. While the buckling stress is generally insensitive to the bond coat
modulus, it reduces slightly (8%) for a very compliant bond coat of approximately 1/20 of TGO modulus.
For a compliant bond coat it is easier for the TGO to buckle at lower loads. This eﬀect becomes signiﬁcant
when the modulus of bond coat is appreciably less than that of the TGO, as discussed by Cotterell and
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Fig. 6. Plots for the two layer TBC, showing critical buckling load sensitivity to (a) geometric parameters (normalizing values of
Lmax = 1000 lm, bmax = 100 lm, hmax = 50 lm, Rmax = 1000 lm, and Smax = 30.2 GPa), and (b) material parameters (normalizing
values of EmaxTGO ¼ 600 GPa, EmaxBC ¼ 600 GPa, and Smax = 0.52 GPa).
4394 H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406Chen (2000). For a compliant bond coat, the energy released from the bond coat has also been shown by
Yu and Hutchinson (2002) to be much more than the energy stored in the TGO. The numerical model cap-
tures the reduction in critical stress for very compliant bond coat as predicted by analytical models (Cotte-
rell and Chen, 2000; Yu and Hutchinson, 2002). The buckling stress is linearly dependent on the TGO
modulus. When compared to plane strain delamination analyses, the sensitivity analyses for axi-symmetric
delamination yields a self-similar functional dependence with a higher value for the critical stress.
4.2.2. Parametric representation of the critical stress for buckling instability
The sensitivity analysis forms a basis for the development of a parametric representation of the critical
buckling stress rb2TGO in terms of the important parameters for the two-layer TBC system. From the sum-
mary of results in Fig. 6, the critical parameters identiﬁed are the TGO thickness h, TGO modulus ETGO
and the interfacial delamination size R. Furthermore, it is also observed that a dependence of rb2TGO on the
(h/R) ratio best represents the inﬂuence of individual parameters h and R. This observation is also consis-
tent with dimensional analysis. These analyses point to a functional form for the buckling stress as
rb2TGO / ETGOf ððhR ÞnÞ where n is a constant to be determined. A similar parametric dependence has been dis-
cussed by Evans et al. (1997) and He et al. (1998) asrb2TGO ¼
0:81ETGO
h
R
 2
Plane strain
1:21ETGO
h
R
 2
Axisymmetric
8>><
>>:
ð8ÞThese relations are based on the thin plate theory and consequently they have limited range of validity. It
has been pointed out by Reddy (1999) that classical plate theory is valid for 0:0 < hR
 
6 0:05, and the range
of applicability is conﬁrmed in the current FEM simulations as well. As shown in Fig. 5a, the analytical
predictions are within 3% of the FEM results at ðhRÞ ¼ 0:06. However, at higher (h/R) values, the two pre-
dictions diverge rapidly. For plane strain, the diﬀerences are 13%, 81% and 320% at (h/R) ratios of 0.2, 0.5
H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406 4395and 1.0, respectively. For the axi-symmetric case, the diﬀerences are 30%, 120% and 350%, respectively.
From the present study, it is clear that rb2TGO representation using a single continuous function of the param-
eters is very diﬃcult.
Consequently, in the development of parametric relations for an extended range of validity, the range
0:0 < hR
 
6 1:0 is divided into four segments. Each segment is determined from the nature of rb2TGO
dependence on the (h/R) ratio. Exclusive validity ranges are associated with each functional form to avoid
non-unique solutions for any geometric conﬁguration. For both the plane strain and axisymmetric cases,
the ﬁrst sub-domain corresponds to the range of validity of Eq. (8) derived by Evans et al. (1997) and
He et al. (1998). The functional relations for the subsequent regions are obtained by a least squares based
‘‘best ﬁt’’ analysis of the FEM solutions with an error tolerance of 3.5%. The parametric relations are sum-
marized in Eqs. (9) and (10). Excellent agreement of these relations with the ﬁnite element results for the
axisymmetric case is demonstrated in Fig. 7Fig. 7.
ﬁnite erb2TGO ¼
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R
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R
 1:45
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Plots of the critical buckling stress as a function of h/R ratio for the two layer TBC, obtained with the parametric relations and
lement solution for the axisymmetric case (normalizing stress SmaxFEM ¼ 110 GPa).
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1:2100ETGO
h
R
 2
8 0:00 < h
R
 
6 0:06
0:6800ETGO
h
R
 1:8
8 0:06 < h
R
 
6 0:21
0:3887ETGO
h
R
 1:45
8 0:21 < h
R
 
6 0:50
0:2753ETGO
h
R
 
8 0:50 < h
R
 
6 1:0
0
BBBBBBBBBBBB@
ðfor axisymmetric caseÞ ð10ÞThese parametric equations do not suﬀer from the restrictive assumptions of the analytical solutions given
by Hutchinson and Suo (1992), Evans et al. (1997) and He et al. (1998) and represent a wide range in the
context of linear elasticity. It should be noted that the ranges of the (h/R) ratio are kept the same for both
the plane strain and axisymmetric cases. Also, the exponents and the functional forms are kept the same
with only diﬀerences in the coeﬃcients. The distinct forms in diﬀerent ranges result in discontinuities at
the edges of the (h/R) ranges. The discontinuity errors are tabulated in Table 3 and are found to be within
established limits. The slightly higher errors for the axisymmetric case are due to the fact that the range and
exponents are kept the same as for the plane strain case.
4.2.3. Three layer TBC system model
The parametric form is subsequently extended for a three-layered TBC system consisting of the bond
coat, TGO, and ceramic top coat with planar interfaces. A sensitivity analysis of the critical buckling load
for this model is performed under plane strain assumptions only. In addition to h and R, the parameters
include the top coat thickness (t) as shown in Fig. 3a, and the modulus (ETC). Experimental observations
by Wright and Evans (1999), Evans et al. (2001b) and Johnson et al. (1998) have motivated the consider-
ation of the range of variation of t to be 1–50 lm and of ETC to be 1–200 GPa. Fig. 8a summarizes the
results of the sensitivity analysis with respect to t, h and R. In this analysis, ETC = 100 GPa, the normalizing
top coat thickness tmax = 50 lm and the normalizing stress Smax = 137 GPa. The critical buckling stress in-
creases sharply at lower values of the top coat thickness before stabilizing at a value that is signiﬁcantly
higher than the corresponding two-layer critical stress. This result concurs with the multi-layer analytical
model predicting similar characteristics developed by Choi et al. (1999). Two important observations
can be made from the plots in Fig. 8a. The stabilized critical stress depends on the TGO thickness h and
is insensitive to the delamination size R. On the other hand, the rate of increase of the critical stress at lower
values of t is inversely dependent on R and is insensitive to h. The magniﬁcation in S/Smax due to the addi-
tion of the top coat reduces with increasing (h/R) ratios (4 for h/R = 0.4 and 2 for h/R = 0.8). Further-
more, Fig. 8b shows a quadratic dependence of S/Smax on the elastic modulus ETC for a ﬁxed (h/R) = 0.4.
A process similar to that discussed for the two-layer TBC is followed to obtain a functional relation for
critical buckling stress in the three-layer TBC. This functional relation reduces that in Eq. (9) in the limit
that t is equal to zero. Using a least squares based ‘‘best ﬁt’’ analysis of the FEM solutions with an error
tolerance of 4%, this relation may be expressed as3
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Fig. 8. Plots for the three layer TBC, showing the variation of normalized critical buckling stress with (a) top coat thickness (t)
(normalizing values: Smax = 137 GPa and tmax = 50 lm) and (b) top coat modulus (ETC) (normalizing values: S
max = 147 GPa and
EmaxTC ¼ 200 GPa).
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h
R
 0:45
1 e C1 tRð Þ
	 

C2
E2TC
E
þ C3ETC
 
8 0:25 6 h
R
 
6 1:0 ð11Þwhere rb3TGO and r
b2
TGO are the critical TGO stress for three and two layer TBCs respectively, E
* = 1 GPa
(necessary for dimensional consistency) and C1, C2 and C3 are constants. The constants are determined
using the best ﬁt analysis as: C1 = 1.115, C2 = 1.33E3 and C3 = 0.746. Eq. (11) predicts the critical
stress to within 4% of the FEM results for most parametric variations. However larger diﬀerences are
found for hR
 
< 0:25 with maximum error 7.3% for (h/R) = 0.2 and hence, this formula is not recom-
mended for such geometric conﬁgurations. Also top coats that are thinner than the TGO, i.e. t < h,
are physically unlikely and are not considered in Eq. (11). This parametric form signiﬁcantly improves
the understanding of buckling instability in linearly elastic multi-layered TBCs and maybe used as a
fail-safe design tool.
4.3. Estimating energy release rate for interfacial crack extension
It has been discussed in Section 2.2, that the presence of a wavy TGO-BC interface induces high trans-
verse stresses perpendicular to the interface. Stress concentrations near the edge of a delamination may
cause the delamination to extend, a phenomenon that is governed by the strain energy release rate. As
shown by Hutchinson et al. (2000), this energy release rate in turn is inﬂuenced by various geometric
and material parameters. Hence, it is desirable to develop comprehensive functional forms depicting the
relation between the energy release rate and the critical parameters in TBC systems. Simpliﬁed parametric
relations for two-layer TBCs have been provided by Evans et al. (1997) and He et al. (1998), among others,
and for three-layer TBCs by Choi et al. (1999). However, these relations mainly address cracks propagating
from undulations and exclude scenarios where the cracks propagate towards an interfacial undulation from
a planar delaminated interface. The latter situation is considered in this paper with a realistic range of
critical parameters.
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ing into alternate constituent layers. The type I undulation conﬁguration penetrates the bond coat while the
type II undulation conﬁguration protrudes into the top coat. Finite element models of the two conﬁgura-
tions with sinusoidal undulations are used for stress analysis in the 3-layer TBC system without any
pre-existing delamination. The analyses conclude that the type I undulations induce tensile transverse stres-
ses at the junction of planar and wavy interfaces, whereas the type II undulations induce compressive trans-
verse stress at the same location as shown in the contour plots of Fig. 4. Consequently, the type I
undulation conﬁguration is chosen for developing parametric forms of the energy release rate. Only the
plane strain case is considered in this study.
The ﬁrst case considered in the development of the functional dependence is where the delamination is
on the verge of extending into the wavy portion of the interface. Subsequently, the delamination is incre-
mentally extended into the undulation and the variation of energy release rate is studied. A sensitivity anal-
ysis is done for the three-layer TBC system to assess the inﬂuence of critical parameters on the energy
release rate G. Candidate parameters for this analysis are selected from results of characterization studies
reported by Hutchinson et al. (2000), Choi et al. (1999) and Evans et al. (2001a,b). They are (i) TGO thick-
ness (h), (ii) top coat thickness (t), (iii) length of the pre-existing delamination (R), (iv) amplitude of the
sinusoidal undulation (A), (v) undulation wavelength (W), (vi) TGO stiﬀness (ETGO), (vii) bond coat stiﬀ-
ness (EBC), (viii) top coat stiﬀness (ETC), and (ix) far-ﬁeld thermal mismatch stresses rTGO and rTC in the
TGO and the top coat, respectively. The ranges of each parameter are selected based on experimental
observations by Tolpygo et al. (2001), Choi et al. (1999), Mumm et al. (2001), Tolpygo and Clarke
(2000), Tolpygo and Clarke (2003) and Yanar et al. (2003) and are listed in Table 4. The far-ﬁeld stress
in a layer is evaluated as (alayer  asubstrate)DT, where a is the coeﬃcient of thermal expansion and DT is
the temperature change from the stress free state. Since the far ﬁeld stress is a linear function of DT, its
variation is achieved by simply reducing the applied uniform temperature in a range from 900 C to
30 C, assuming that 1000 C is the stress free temperature.
The sensitivity analysis is carried out by varying a single parameter at a time. The analysis shows highly
nonlinear dependence of the energy release rate G on some parameters like h, A, andW. More variations of
these nonlinear parameters are considered in the sensitivity simulations. The energy release rate G is calcu-
lated by the virtual crack extension method discussed in Section 2.2. Results of the sensitivity analysis are
summarized through plots of the variation of the normalized energy release rate G/Gmax with normalized
geometric and material parameters in Figs. 9 and 10. For each plot, Gmax is calculated from the FEM anal-
yses and the normalizing parameters are hmax = 6 lm, tmax = 15 lm, EmaxTGO ¼ 480 GPa, EmaxTC ¼ 80 GPa,
EmaxBC ¼ 280 GPa, Amax = 10 lm,Wmax = 30 lm, and Rmax = 35 lm. Fig. 9a shows that G/Gmax varies inver-
sely with t, prior to stabilizing at a constant value. It also shows a non-linear dependence for lower values of
h. Fig. 9b shows that G/Gmax has a strong dependence on ETC and ETGO; increasing linearly with ETGO andTable 4
Range of variation of parameters from experimental observations by Tolpygo et al. (2001), Choi et al. (1999), Mumm et al. (2001),
Tolpygo and Clarke (2000), Tolpygo and Clarke (2003) and Yanar et al. (2003) for energy release rate study
Parameter Range of variation
TGO thickness (h) 1–6 lm
Undulation amplitude (A) 5–10 lm
Undulation wavelength (W) 10–30 lm
Interfacial delamination (R) 5–70 lm
Top coat modulus (ETC) 10–100 GPa
TGO modulus (ETGO) 260–480 GPa
Bond coat modulus (EBC) 150–280 GPa
All combinations of A and W, outside of the range 0:3 < AW < 0:5 are excluded.
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Fig. 9. Plot showing the sensitivity of the energy release rate with respect to (a) geometric parameters (normalizing measures are
hmax = 6 lm, tmax = 15 lm, and Gmax = 22 J/m2), and (b) material parameters (normalizing measures are EmaxTGO ¼ 480 GPa,
EmaxTC ¼ 80 GPa, EmaxBC ¼ 280 GPa, and Gmax = 12 J/m2).
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Fig. 10. Plot showing the sensitivity of the energy release rate with respect to (a) undulation parameters (normalizing factors are
Amax = 6 lm, Wmax = 30 lm, Rmax = 35 lm, and Gmax = 16 J/m2), (b) expansion mismatch stress in the TGO and top coat
(normalizing factors are rmax = 2.2 GPa and Gmax = 4.6 J/m2).
H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406 4399decreasing asymptotically with ETC. However, it is relatively insensitive to EBC and is only about 7% smal-
ler than the maximum value for a very compliant bond coat (EminBC  100 GPa). Hence EBC is excluded from
the expression of the parametric relation. Fig. 10 shows the sensitivity of G/Gmax with respect to the geo-
metric parameters of the undulation. It has an inverse non-linear dependence on the wavelength (W) and a
non-linear dependence on the amplitude (A). The inﬂuence of the delamination size (R) is relatively weak.
Table 5
Functional relation between energy release rate and critical parameters, based on sensitivity analysis using FEM simulations
Function of (parameters) Functional relation to G
f1(h, A,W ) c1
h2
h0
þ c2hþ c3
 
tan1 2pAþ3hW
  c4
f2(t) c5te
c6 tt0 þ c7
f3(R) c6 1 e
c7
R
R0
0
B@
1
CA
f4(rTC, ETC, rTGO, ETGO) c8
r2TGO
ETGO
þ c9 r
2
TC
ETC
ec10
ETC
E
 
The values h0, t0, R0, E* and cn (n = 1–10) are constants that are determined using the least square ﬁt technique.
4400 H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406Also G/Gmax is found to be very sensitive to the far ﬁeld stresses rTGO and rTC with quadratic dependences
as shown in Fig. 10(b).
4.3.1. Parametric representation of the energy release rate
Based on their inﬂuence on the energy release rate G, the critical parameters are re-classiﬁed into four
basic groups and the sensitivity study results are used to establish their functional relations. The functional
relation for each group is expressed in Table 5. The constant values h0, t0, R0, E* and cn (for n = 1–10) in
these relations are determined by using the least square ﬁt with data generated by FEM simulations. These
functions are subsequently combined to derive a functional dependence form of the energy release rate asG / f1ðh;A;W Þf2ðtÞf3ðRÞf4ðrTGO;ETGO; rTC;ETCÞ ð12Þ
This combined function is constrained to have a zero value, when: (i) the system is stress free, (ii) the
TGO and the top coat thickness or their elastic moduli reduce to zero simultaneously (i.e., h = t = 0 or
ETGO = ETC = 0), (iii) there is no delamination (R = 0) and (iv) there is no interfacial undulation in the
vicinity of the delamination (A = 0 or W =1). The energy release rate should not become zero when only
one of the TGO or top coat thicknesses or moduli reduces to zero (i.e., h5 t = 0 or ETGO5 ETC = 0).
From these constraint considerations, the energy release rate functional form is derived to beG ¼ ðtan1wÞC1 C2teC3
t
t0  C4 h
2
h0
þ C5h
 
1 eC6 RR0
	 

nr2TGO ð13Þwherew ¼ 2pAþ 3h
W
 
; n ¼ C7 1ETGO þ C8
aTC  aBCð Þ2ETC
aTGO  aBCð Þ2E2TGO
eC9
ETC
E
 !t0 = 1 lm, h0 = 1 lm, R0 = 1 lm, E* = 1 GPa, (alayeraBC) is the CTE mismatch of the layers and C1–C9
are constants. The constants in Eq. (13) are evaluated using a least squares based best ﬁt analysis of the
FEM results with a tolerance of 10%. For stresses and moduli expressed in GPa, lengths in lm, and the
energy release rate in J/m2, the constants are derived to be: C1 = 3.62, C2 = 2.02 · 103, C3 = 0.92,
C4 = 17.83, C5 = 427.97, C6 = 0.14, C7 = 1.10, C8 = 111.25 and C9 = 0.12. This relation is found to predict
energy release rate to within 6% of the all simulation results for a wide range of parametric variations. Only
for TBC systems with a very thin top coat (i.e. t < 10 lm), the maximum error is relatively high and 10%.
Larger diﬀerences between FEM results and the predicted values are also found when the amplitude (A) is
signiﬁcantly less than the TGO thickness (h), which are taken to be out of the validity range for this
relation.
H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406 4401An alternate mechanism of crack propagation has been suggested by Xu et al. (2004) for ﬂat interfaces.
This requires an interfacial delamination to originate from the root of a vertical cleavage crack penetrating
through the top coat and the TGO. An analytical solution for steady state energy release rate at such an
edge delamination has been derived by Xu et al. (2004) asFig. 11
(Gss) a
A0 = 1Gss ¼ r
2
TGOhTGOð1 m2Þ
2ETGO
þ r
2
TChTCð1 m2Þ
2ETC

X
i¼TGO;TC
1
Ei
P 2
hi
þ 12M
2
i
h3i
" #
ð14ÞwithP ¼ ETCh
2
TC
6
j; Mi ¼ Eijh
3
i
12
and j ¼ 3ðeTGO  eTCÞ
2hTC 1þ ETChTC4ETGOhTGO
h i ;where ri and ei denote the expansion mismatch stress and strain, hi denotes thickness, Ei is the elastic mod-
ulus of the respective layers and m is the Poisson ratio of the TGO and the top coat. It is demonstrated by
Xu et al. (2004) that Gss for such a delamination can reach very high values and grow even for fairly tough
interfaces. Fig. 11 shows a comparison of G from Eq. (13) with Gss from Eq. (14) for a TBC with 10 lm
thick top coat. In the vicinity of a signiﬁcant undulation, G exceeds the value of Gss. Despite predicting
comparable energy release rates for speciﬁc conﬁgurations, there are several notable diﬀerences between
the functional forms of Eqs. (13) and (14). These are as follows.
(i) The energy release rate at an edge delamination in Eq. (14) increases almost linearly with top coat
thickness (t). However, for the case of a delamination in the vicinity of an interfacial undulation,
G decreases exponentially before stabilizing at a constant value. This diﬀerence may be attributed0
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. Plot showing the comparison of energy release rate (G) near an interfacial undulation with the steady state energy release rate
t an edge delamination (Xu et al., 2004) for h/R = 0.2, t = 10 lm, W = 30 lm and rTGO = 2.17 GPa (normalizing factors:
0 lm, Gmax = 52 J/m2).
4402 H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406to the symmetry constraint imposed on the detached bi-layer that limits it from acquiring a curvature
comparable to that of the edge delamination. The sensitivity analysis predicts that this constraint
increases with increasing top coat thickness and elastic modulus, before stabilizing at a constant
value. This characteristic diﬀerence reveals that for a thicker top coat, the prediction of higher Gss
by Eq. (14) is more appropriate than that by Eq. (13).
(ii) The Eq. (14) shows that at an edge delamination, both the detached layers have comparable contri-
bution to the energy release rate, whereas Eq. (13) suggests that near an undulation the TGO layer
contribution outweighs the exponentially decreasing contribution of the top coat. Hence, the stress
state in the TGO layer is more critical for the G of delaminations near undulations.
For any given geometric conﬁguration and materials properties, the energy release rate reaches a critical
value Gc when the far ﬁeld stress in the TGO reaches a critical value (rcTGO). The corresponding parametric
equation for the critical TGO stress is obtained from Eq. (13) asFig. 1
undularcTGO ¼
Gc
tan1wð ÞC1 C2teC3
t
t0  C4 h2h0 þ C5h
	 

1 eC6 RR0
	 

n
0
@
1
A
0:5
ð15ÞEq. (15) reveals that for delamination growth, rcTGO varies inversely with TGO thickness and with the
delamination size. The critical stress rcTGO also varies with the inverse of the CTE mismatch, and hence
a larger mismatch will assist delamination. The CTE mismatch should therefore be minimized to extend
TBC life.
As an extension to the present sensitivity analysis, the energy release rate is determined for an interfacial
delamination extending into the undulation region. Fig. 12 shows that the energy release rate increases as
the delamination extends over the ﬁrst quarter of the undulation wave and then reduces to minimum (Gmin)
at the beginning of the last quarter. Comparing the values at the beginning and end of the entire undulation
period, it is seen that G ends up higher after the delamination has extended over an undulation. This obser-
vation conﬁrms its dependence on the delamination length as predicted by the sensitivity analysis. From0
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2. Plot showing the variation of the normalized energy release rate as the interfacial crack propagates along an interfacial
tion for W = 20 lm, A = 4 lm and Gmax = 21 J/m2.
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extend completely over it.5. Competition between buckling and crack extension modes
The parametric forms of Eqs. (11) and (15) predict the critical stresses rb3TGO and r
c
TGO for buckling insta-
bility and interface crack extension respectively, in a three-layer TBC. For any given conﬁguration, material
and load condition, the critical stress can therefore be determined for each mechanism. A comparative anal-
ysis using these equations can determine optimal conﬁgurations for the TBC system from a fail-safe point
of view. Such a comparison is clearly limited to the delamination approaching an undulation from a ﬂat
interface.
To study the competition between these failure mechanisms as the delamination extends over an undula-
tion, a FEMmodel of a representative TBC conﬁguration is set up with the following parameters: h = 1 lm,
t = 5 lm, A = 4 lm, W = 20 lm, R = 30 lm, ETC = 40 GPa and ETGO = 400 GPa. Since the delaminated
wavy surfaces can come in contact and alter the buckling mode shape as well asG, these surfaces are modeled
using contact elements in the FE model. The competition of the two modes is best understood from the re-
sults of the simulations in the form of the graphical representation in Fig. 13. The critical stress rcwTGO at which
G exceeds the critical interface energy Gc in Eq. (15) is compared with the critical buckling stress rbwTGO. The
four plots represent the energy release rates G for a temperature drop from 1000 C to room temperature
(30 C), for four diﬀerent locations of the crack tip as shown in Fig. 13b. The vertical dotted lines represent
the critical buckling stress rbwTGO corresponding to the four crack tip locations, while the dashed horizontal
lines enclose the range of possible interfacial fracture energies for such conﬁguration from the data given
by He et al. (1998). For a weak interface with fracture energy 1 J/m2, rcwTGO is lower than r
bw
TGO for all conﬁg-
urations and loading conditions, and hence delamination dominates. The competition is more pronounced
for a strong interface (fracture energy = 10 J/m2) and is investigated for crack tip locations a, b, c and d in
Fig. 13b. The selection of these locations is based on the variation of G with crack advance shown in Fig. 12.Fig. 13. Plot showing (a) the competition between buckle initiation and interface crack extension, (b) the corresponding locations for
energy release rate curves and for study of the competition between buckling and delamination propagation.
4404 H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406As the delamination approaches the undulation wave at location a, rcwTGO marginally exceeds buckling stress
and the crack will extend to location bwhere the slope of the undulation reverses. At location b, rcwTGO reduces
considerably but rbwTGO is slightly higher due to the thicker bending cross-section. Consequently, the crack
extends to location c where rcwTGO is expected to be maximum. The buckling instability dominates here since
rbwTGO is signiﬁcantly lower than r
cw
TGO. Beyond location c, r
cw
TGO is expected to reduce but a comparison at loca-
tion d shows rbwTGO is slightly lower than r
cw
TGO and hence buckling still dominates. From these numerical re-
sults, it is apparent that buckling instability is most likely to occur when the delamination is either at a planar
interface or reaches the last quarter of an undulation. For other cases, interfacial crack extension mode dom-
inates, especially when the undulation amplitude is signiﬁcant.6. Conclusions
In this paper, characteristics of failure modes e.g. buckling instability and strain energy driven interfacial
crack propagation at interfacial delamination in linear elastic thermal barrier coatings (TBCs) are investi-
gated using a ﬁnite element model. The solution of a linear elastic eigen-value problem determines the onset
of the buckling instability with a pre-existing delamination between bond coat and the TGO. The virtual
crack extension method is employed to study strain energy release rate driven interfacial delamination at
wavy interfaces. The materials and geometries in the study are chosen to be representative of TBC materials
in real applications. Extensive sensitivity analyses are conducted to identify the critical design parameters
aﬀecting the onset of buckling and extension of interfacial delamination, as well as to develop parametric
relations that enhance the understanding of these mechanisms. These novel parametric relations, that ex-
tend the range of applications of the functional dependence found in literature, are validated with existing
relations in the literature.
The paper concludes with a numerical exercise studying the competing mechanisms as the delamination
extends over an undulation. It is demonstrated that the buckling instability is the leading failure mechanism
at ﬂat interfaces or near the locations of minimum cross-section in a wavy interface. However, in the vicin-
ity of waviness, crack extension can become a dominant mode of failure. The probability of a particular
mechanism taking precedence over the other depends on various geometric and material parameters and
the nature of the loading. A comparative study of the predicted critical buckling stress with critical delam-
ination stress can identify the dominant mechanism. The highlights of studies with these parametric rela-
tions are summarized below.
• The critical buckling stress relationships for two-layer TBCs has an extended range of validity and better
accuracy for incipient stages of buckling instability as compared to the existing analytical solutions in the
literature (Evans et al., 1997; He et al., 1998). The eﬀect of the top coat is realized through its inclusion in
the three-layer TBC model. The critical stress for this model is found to strongly dependent on the top
coat geometry and material, in addition to the relevant two layer model parameters. The eﬀect of the top
coat thickness is found to stabilize with increasing thickness.
• The parametric form for the critical stress initiating interfacial crack extension at the delamination in a
three-layer TBC is vital for understanding the eﬀect of interface morphology on the failure mechanism.
Furthermore, it is helpful in quantitatively establishing criteria for dominant failure mechanisms.
• The parametric relations can be used by designers as a helpful tool in the design of reliable TBCs in
thermo-mechanical applications. The life of TBCs can be prolonged through an optimal combination
of geometric and material parameters that suppresses the dominant mechanism.
Although the present study illustrates the competition between the failure mechanisms in detail, the
validity is limited to the linear elastic TBCs. The failure modes will be further inﬂuenced by the material
H. Bhatnagar et al. / International Journal of Solids and Structures 43 (2006) 4384–4406 4405non-linearity of the constituent layers, cyclic thermal loading and residual stresses, and this is the subject of
a subsequent paper.Acknowledgements
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